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In this paper we will show that using the osmologial onstant as a new thermodynamial state
variable, the dierential and integral mass formulas of the rst law of thermodynamis for asymptoti
at spaetimes an be extended to be used at the two horizons of the (2+1) dimensional BTZ blak
hole. We also extend this equations to the stringy desription of the BTZ blak hole, in whih two
new systems that resemble the right and left modes of eetive string theory, are dened in terms
of the inner and outer horizons.
I. INTRODUCTION
Bekenstein and Hawking showed that blak holes have non-zero entropy and that they emit a thermal radiation
that is proportional to its surfae gravity at the horizon. These two quantities are related with the mass through the
identity
dM = TdS, (1)
that is alled the rst law of balk hole thermodynamis(author?) [3, 4℄.But when the blak hole has other properties
as angular momentum J and eletri harge Q, the rst law is generalized to
dM = TdS +ΩdJ +ΦdQ, (2)
where Ω = ∂M
∂J
is the angular veloity and Φ = ∂M
∂Q
is the eletri potential. The orresponding integral Bekenstein-
Smarr mass formula, and is given by
M = ΦQ+
(D − 2)
(D − 3)
ΩJ +
(D − 2)
(D − 3)
TS. (3)
Gauntlett et. al.(author?) [6℄ have proved that both, the dierential and integral expressions, hold for asymp-
totially at spaetimes with any dimension D ≥ 4 . For rotating blak holes in anti-deSitter spaes, Gibbons et.
al.(author?) [7℄ have shown that the dierential expression hold for D ≥ 4, but the integral expresion is not satised.
To retify this situation Caldarelli et. al. (author?) [8℄ use a osmologial onstant onsidered as a new thermo-
dynamial variable, and reently, Wang et. al. (author?) [1℄ use this idea to show that dierential and integral
expressions are valid also in (2 + 1) dimensions for BTZ blak holes with angular momentum and Kerr-de Sitter
spaetimes.
In this paper we will onsider the BTZ blak hole in (2 + 1) dimensions to show that onsidering a osmologial
onstant as a thermodynamial state variable, both, the dierential and integral mass formulas of the rst law, an
be extended to be used on the two horizons of the metri. The same proedure is also appliable in the stringy
desription of the BTZ blak hole, in whih two new systems that resemble the right and left modes of eetive string
theory, are dened in terms of the inner and outer horizons. Here we obtain the generalized fore onjugate to the
osmologial onstant term in all the ases.
II. THE ROTATING BTZ BLACK HOLE
The rotating BTZ blak hole (author?) [9℄ is a solution of (2 + 1) dimensional gravity with a negative osmologial
onstant Λ = − 1
l2
. Its line element an be written as
∗
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2ds2 = −∆dt2 +
dr2
∆
+ r2dϕ2, (4)
where the lapse funtion is
∆ = −M +
r2
l2
+
J2
4r2
. (5)
This solution has two horizons given by the ondition ∆ = 0,
r2± =
Ml2
2
[
1±
√
1−
J2
M2l2
]
. (6)
The mass M and angular momentum J of the blak hole an be written in terms of this horizons as
M =
r2+ + r
2
−
l2
, (7)
J =
2r+r−
l
. (8)
The Bekenstein-Hawking entropy assoiated with the blak hole is twie the perimeter of the outer horizon,
S = 4pir+, (9)
and therefore, the mass an be written as
M =
r2+
l2
+
J2
4r2+
=
S2
16pi2l2
+
4pi2J2
S2
. (10)
This expression an be re-written as (author?) [1℄
M =
1
2
TS +ΩJ, (11)
As is well known, we an assoiate a thermodynamis to the outer horizon when treated as a single thermodynamial
system. With the four laws assoiated with this horizon one an desribe the Hawking radiation proess. On the
other hand, it is also possible to onsider the inner horizon as an independient thermodynamial system and assoiate
it a set of four laws that are related with the Hawking absorption proess (author?) [5℄. Therefore, the integral and
dierential mass formulae an be written for the two horizons,
M =
r2±
l2
+
J2
4r2±
(12)
If we onsider an invariable l, this expression let us alulate the surfae gravity and angular veloity for the blak
hole as
κ± =
1
2
∂M
∂r±
∣∣∣∣
J
=
r±
l2
−
J2
4r3±
(13)
Ω± =
∂M
∂J
∣∣∣∣
r±
=
J
2r2±
=
r∓
r±l
, (14)
3while the entropy and temperature assoiated with eah horizon are
S± = 4pir± (15)
T± =
κ±
2pi
. (16)
If we make the variation of the mass formula (12) with respet to S and J , we obtain the rst law of blak hole
thermodynamis in dierential form for eah horizon,
dM = TdS + ΩdJ. (17)
But if we use equations (16) and (14), the mass formula an be written as
M =
1
2
T±S± +Ω±J, (18)
that does not orrespond to the Bekenstein-Smarr formula (3) with D = 3 for any horizon.
Note that the produt T±S± in this ase is give by
T±S± =
2r2±
l2
−
J2
2r2±
=
2r2±
l2
−
2r2∓
l2
, (19)
while the produt Ω±J is
Ω±J =
r2∓J
r±l
=
2r2∓
l2
. (20)
Then, we have that
T±S± +Ω±J =
2r2±
l2
, (21)
annot t into the Bekenstein-Smarr formula.
III. COSMOLOGICAL CONSTANT AS A NEW THERMODYNAMICAL STATE VARIABLE
Now, we will try to retify this situation by onsidering the eet of a varying osmologial onstant. When
onsidering the osmologial onstant as a new state variable, the rst law in dierential and integral forms for eah
horizon must be orreted to be
dM = T±dS± +Ω±dJ +Θ±dl (22)
0 = T±S± +Ω±J +Θ±l, (23)
where Θ± are the generalized fores onjugate to the parameter l on eah horizon. These generalized fores are
given by
Θ± =
∂M
∂l
∣∣∣∣
S±,J±
= −
2r2±
l3
, (24)
All the thermodynamial quantities, inluding the generalized fore for the outer horizon in last expression oinide
with the reported results (author?) [1℄. Now we will turn our attention to the stringy analogy of the thermodynamis
of the BTZ blak hole to see how an we generalize the Bekenstein-Smarr formula in that ase.
4IV. STRINGY THERMODYNAMICS FOR THE BTZ BLACK HOLE
The inner and outer horizons of the BTZ blak hole let us dene two new thermodynamial systems that resemble
the right and left modes of string theory. Using the notation of (author?) [2℄, the R and L systems are dened by
PR,L = r+ ± r−, (25)
where P is the redued perimeter. For the R-system, the mass an be written as
M =
P2R
l2
−
J
l
. (26)
Following the above treatment, the generalized fore assoiated with the R-system is obtained as
ΘR =
∂M
∂l
∣∣∣∣
PR,J
= −
2P2R
l3
+
J
l2
, (27)
and an be written in terms of Θ± as
ΘR = Θ+ +Θ− +
ΩRJ
l
, (28)
where ΩR = −
1
l
, as reported in (author?) [2℄.
On the other hand, for the L-system, the mass is given by
M =
P2L
l2
+
J
l
. (29)
Thus, the generalized fore assoiated with the L-system is
ΘL =
∂M
∂l
∣∣∣∣
PL,J
= −
2P2L
l3
−
J
l2
, (30)
or, in terms of Θ±, as
ΘL = Θ+ +Θ− +
ΩLJ
l
, (31)
where we have used ΩL =
1
l
. Therefore, the generalized fore assoiated with the R and L systems are given by the
relation
ΘR,L = Θ+ +Θ− +
ΩR,LJ
l
, (32)
and the orresponding equations for dierential and integral rst law are generalized to
{
dM = TR,LdSR,L +ΩR,LdJ +ΘR,Ldl
0 = TR,LSR,L +ΩR,LJ +ΘR,Ll.
(33)
5V. CONCLUSION
By onsidering the osmologial onstant as a new thermodynamial state variable, we have generalized the integral
Bekenstein-Smarr mass formula and dierential rst law for the two horizons of the (2 + 1) dimensional BTZ blak
hole. We also show how the same denition an be used to desribe the R and L thermodynamial systems, onstruted
from the inner and outer horizons, and that resemble the right and left modes of string theory. The generalized fores
assoiated with the osmologial term are also obtained, showing a great symmetry for the R and L systems. It is
interesting to note that the obtained relations an also be extended to higher dimensions, as noted in (author?) [1℄.
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